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•Background: learning classical and quantum 
systems 
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classical and quantum systems



Classical Statistical Learning Theory

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate
<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate
<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate
<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

ideally, minimize
<latexit sha1_base64="XFapFk2o6PpqBz+T6/j6GVtHIow="></latexit>

R(g) = Ex�DL(f?(x),g(x))

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate
<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

ideally, minimize
<latexit sha1_base64="XFapFk2o6PpqBz+T6/j6GVtHIow="></latexit>

R(g) = Ex�DL(f?(x),g(x))
<latexit sha1_base64="28UxjNhNgD0s2JaNI8If8hduGr0="></latexit>

R̂(g) =
1
n

n�

i=1
L(f?(xi),g(xi))in practice

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

• Solution: learning is possible iff
<latexit sha1_base64="J9RgdycwwFRUMdVnBegfg+xeZqQ="></latexit>

lim
n��

log �(n, �, C)

n = 0

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

• Solution: learning is possible iff
<latexit sha1_base64="J9RgdycwwFRUMdVnBegfg+xeZqQ="></latexit>

lim
n��

log �(n, �, C)

n = 0

sample complexity 
<latexit sha1_base64="MZ9hozGSn8OKJHyq+klyIYqX94I="></latexit>

n : log �(n, �, C) � D log n

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Classical Statistical Learning Theory

<latexit sha1_base64="tFU+xaIBc6cETqYP2j7WXeutkro="></latexit>

g � C : R̂(g) � inf
g��C

R(g�) � � w.h.p.

<latexit sha1_base64="up/pb7366shjF/QSiHngmw1hVcI="></latexit>

(xi, f?(xi)) i = 1, · · · ,ngiven samples
<latexit sha1_base64="pqEilGoPVXWQMF7vJaKONNF52vw="></latexit>xi � D

find a good candidate

• Vapnik:
<latexit sha1_base64="X8FnIDwdXjDPFIRx8wh9rBlFxk8="></latexit>

f? : X � Y
<latexit sha1_base64="YH/0w1RINkjKVnflGw2CQF5nngg="></latexit>

C = {g : X � Y}

good

• Solution: learning is possible iff
<latexit sha1_base64="J9RgdycwwFRUMdVnBegfg+xeZqQ="></latexit>

lim
n��

log �(n, �, C)

n = 0

sample complexity 
<latexit sha1_base64="MZ9hozGSn8OKJHyq+klyIYqX94I="></latexit>

n : log �(n, �, C) � D log n
VC dimension

V. N. Vapnik, IEEE Trans. Neural Networks, vol. 10, no. 5, pp. 988–999, 1999.



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?

estimate the 
expectation of

<latexit sha1_base64="bk/VbU24qdvXSzs4BWPQVhEqjCg="></latexit>

E1, · · · ,EM



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?

find a good candidate
<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

estimate the 
expectation of

<latexit sha1_base64="bk/VbU24qdvXSzs4BWPQVhEqjCg="></latexit>

E1, · · · ,EM



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?

find a good candidate
<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

estimate the 
expectation of

<latexit sha1_base64="bk/VbU24qdvXSzs4BWPQVhEqjCg="></latexit>

E1, · · · ,EM



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?

find a good candidate
<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

sample complexity 
<latexit sha1_base64="H2VcOEa1bAiLYY6GrC/3Vnb8mQU="></latexit>

n = O(poly(��1, logM, logd))

estimate the 
expectation of

<latexit sha1_base64="bk/VbU24qdvXSzs4BWPQVhEqjCg="></latexit>

E1, · · · ,EM



Shadow Tomography

• Aaronson:  

S. Aaronson, in Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, 2018, pp. 325–338.

given samples
<latexit sha1_base64="o3ilcC+IQZ5GW7hbSuD361bqx2o="></latexit>

��n
?

find a good candidate
<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="otJLaw7roHd97j+42VK0MT5mItk="></latexit>�?

<latexit sha1_base64="Lu9K7e/IzYiAv87A8kVreGuOMfw="></latexit>

� : |Tr[Ei�?] � Tr[Ei�]| � � �i w.h.p.

sample complexity 
<latexit sha1_base64="H2VcOEa1bAiLYY6GrC/3Vnb8mQU="></latexit>

n = O(poly(��1, logM, logd))

estimate the 
expectation of

<latexit sha1_base64="bk/VbU24qdvXSzs4BWPQVhEqjCg="></latexit>

E1, · · · ,EM

<latexit sha1_base64="bTsdQrQXc15V54NYKGvyJmTtaYo="></latexit>

f? : E �� Tr[E �?]~ learning



Learning Poly-depth Quantum Circuits

• Huang et al.:

H.-Y. Huang et al.,  Science (80-. )., vol. 376, no. 6598, pp. 1182–1186, Jun. 2022.



Learning Poly-depth Quantum Circuits

• Huang et al.:

H.-Y. Huang et al.,  Science (80-. )., vol. 376, no. 6598, pp. 1182–1186, Jun. 2022.

given samples            (poly-depth circuit)
<latexit sha1_base64="2VzI8h1Did1yVKuwPwj64oGBtns="></latexit>

E�n
?



Learning Poly-depth Quantum Circuits

• Huang et al.:

H.-Y. Huang et al.,  Science (80-. )., vol. 376, no. 6598, pp. 1182–1186, Jun. 2022.

given samples            (poly-depth circuit)
<latexit sha1_base64="2VzI8h1Did1yVKuwPwj64oGBtns="></latexit>

E�n
?

find a good candidate
<latexit sha1_base64="4vKSFST04FHd9MZOMHVDHOLjVjs="></latexit>
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Conclusions

•A general learnability condition for processes with 
classical input and quantum output 

•Generalization of quantum threshold search to non-
identical sources  

•A learning framework for noisy or “random” 
experiments  

•Applications: quantum imaging, hamiltonian 
learning…

see also: M. C. Caro, Quantum Mach. Intell., vol. 3, no. 1, p. 18, Jun. 2021; K. M. Chung and H. H. Lin, LIPIcs, 2021, vol. 197.
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