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A General Recipe for One-Shot QIT

Reduction to a one-shot 
quantum hypothesis testing (QHT) problem

Quantum Information-Theoretic Tasks

One-shot characterizations of QHT
and its asymptotic expansions

No specific structures on 
the state/channel



A Powerful Information-Spectrum Method

 Hayashi–Nagaoka operator inequality: for 0 ≤ 𝐴𝐴 ≤ 𝐼𝐼,𝐵𝐵 ≥ 0,

𝐼𝐼 −
𝐴𝐴

𝐴𝐴 + 𝐵𝐵
≤ 1 + 𝑐𝑐 𝐼𝐼 − 𝐴𝐴 + 2 + 𝑐𝑐 + 𝑐𝑐−1 𝐵𝐵, ∀𝑐𝑐 > 0

 A noncommutative quotient:

𝒩𝒩: 𝑥𝑥 ↦ 𝜌𝜌𝐵𝐵𝑥𝑥
C-Q Channel

𝑚𝑚~ unif.
on [1:𝑀𝑀]

Codebook 𝒞𝒞
𝑚𝑚 ↦ 𝑥𝑥 𝑚𝑚

�𝑚𝑚

𝐴𝐴
𝐵𝐵

: = 𝐵𝐵−
1
2𝐴𝐴𝐵𝐵−

1
2

 Classical-quantum channel coding



A view from the Quantum Union Bound 



Goal

Provide a conceptually simpler and intuitive proof by 
directly using the pretty-good measurement.

 Tighter one-shot bounds
 Streamlined proofs to other QIT tasks



The Proposed Method



Properties of Noncommutative Minimal (1/3)

Tr 𝐴𝐴 ∧ 𝐵𝐵 is the minimum “error” of discrimination between 𝐴𝐴 and 𝐵𝐵.

1. (Holevo–Helstrom Theorem). 

𝐴𝐴 ∧ 𝐵𝐵 =
1
2
𝐴𝐴 + 𝐵𝐵 − |𝐴𝐴 − 𝐵𝐵|

Tr 𝐴𝐴 ∧ 𝐵𝐵 = inf
0≤𝑇𝑇≤𝐼𝐼

Tr 𝐴𝐴 𝐼𝐼 − 𝑇𝑇 + Tr 𝐵𝐵𝑇𝑇

𝐴𝐴 ∧ 𝐵𝐵 ≔ argmax𝑀𝑀 Tr 𝑀𝑀 :𝑀𝑀 ≤ 𝐴𝐴,𝑀𝑀 ≤ 𝐵𝐵



Properties of Noncommutative Minimal (1/3)

1. (Holevo–Helstrom Theorem). 



Properties of Noncommutative Minimal (2/3)

1. (Holevo–Helstrom Theorem). 𝐴𝐴 ∧ 𝐵𝐵 = 1
2 𝐴𝐴 + 𝐵𝐵 − |𝐴𝐴 − 𝐵𝐵|

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝒩𝒩 𝐴𝐴 ∧𝒩𝒩 𝐵𝐵

2. (Monotone in Loewner ordering). 
Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝐴𝐴′ ∧ 𝐵𝐵′ ,∀𝐴𝐴′ ≥ 𝐴𝐴,∀𝐵𝐵′ ≥ 𝐵𝐵

3. (Monotone under trace-preserving maps). 

4. (Concavity). 𝐴𝐴,𝐵𝐵 ↦ Tr 𝐴𝐴 ∧ 𝐵𝐵 is jointly concave

5. (Direct sum). 𝐴𝐴⊕ 𝐴𝐴𝐴 ∧ 𝐵𝐵 ⊕ 𝐵𝐵′ = 𝐴𝐴 ∧ 𝐵𝐵 ⊕ 𝐴𝐴𝐴 ∧ 𝐵𝐵𝐴



Properties of Noncommutative Minimal (3/3)

6. (Upper bound). 

7. (Lower bound). Tr 𝐴𝐴 ∧ 𝐵𝐵 ≥ Tr 𝐴𝐴 𝐵𝐵
𝐴𝐴+𝐵𝐵

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝐴𝐴1−𝑠𝑠 ∧ 𝐵𝐵𝑠𝑠 ,∀𝑠𝑠 ∈ [0,1]

 Commuting case: min 𝑎𝑎, 𝑏𝑏 ≥ 𝑎𝑎𝑏𝑏
𝑎𝑎+𝑏𝑏

= a−1 + 𝑏𝑏−1 −1

 A special case: Tr 𝐴𝐴 = Tr 𝐵𝐵 , e.g. 𝐴𝐴 = 𝜌𝜌 and 𝐵𝐵 = 𝜎𝜎
Barnum–Knill Thm.: error using PGM is at most twice of the opt. error

𝜀𝜀PGM = 1
2

Tr 𝜌𝜌 𝜎𝜎
𝜌𝜌+𝜎𝜎

+ 1
2

Tr 𝜎𝜎 𝜌𝜌
𝜌𝜌+𝜎𝜎

𝜀𝜀⋆ = 1
2

Tr 𝜌𝜌 ∧ 𝜎𝜎

≤ 2 × 𝜀𝜀⋆

[Audenaert et al.’08]

= Tr 𝜌𝜌 𝜎𝜎
𝜌𝜌+𝜎𝜎



A One-Shot Achievability

Theorem. For any classical-quantum channel 𝑥𝑥 ↦ 𝜌𝜌𝐵𝐵𝑥𝑥, there exists an 
(𝑀𝑀, 𝜀𝜀)-code such that for all probability distributions 𝑝𝑝𝑋𝑋,

𝜀𝜀 ≤ Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 .

Here, 𝜌𝜌𝑋𝑋𝐵𝐵 = ∑𝑥𝑥 𝑝𝑝𝑋𝑋 𝑥𝑥 |𝑥𝑥⟩⟨𝑥𝑥| ⊗𝜌𝜌𝐵𝐵𝑥𝑥.



Proof

2. Expectation:

Π𝐵𝐵𝑥𝑥 ≔
𝜌𝜌𝐵𝐵
𝑥𝑥

∑�𝑥𝑥∈𝒞𝒞 𝜌𝜌𝐵𝐵
�𝑥𝑥 Given any codebook 𝒞𝒞 = 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑀𝑀 , 

= Tr 𝜌𝜌𝐵𝐵𝑥𝑥
∑�𝑥𝑥≠𝑥𝑥 𝜌𝜌𝐵𝐵

�𝑥𝑥

𝜌𝜌𝐵𝐵
𝑥𝑥+∑�𝑥𝑥≠𝑥𝑥 𝜌𝜌𝐵𝐵

�𝑥𝑥Tr 𝜌𝜌𝐵𝐵𝑥𝑥 𝐼𝐼 − Π𝐵𝐵𝑥𝑥 ≤ Tr 𝜌𝜌𝐵𝐵𝑥𝑥 ∧ ∑�̅�𝑥≠𝑥𝑥 𝜌𝜌𝐵𝐵�̅�𝑥

1. For transmitting each 𝑥𝑥 ∈ 𝒞𝒞, relate its error to ‘∧’:

𝔼𝔼𝑥𝑥𝔼𝔼�̅�𝑥|𝑥𝑥Tr 𝜌𝜌𝐵𝐵𝑥𝑥 ∧ ∑�̅�𝑥≠𝑥𝑥 𝜌𝜌𝐵𝐵�̅�𝑥 ≤ 𝔼𝔼𝑥𝑥Tr 𝜌𝜌𝐵𝐵𝑥𝑥 ∧ ∑�̅�𝑥≠𝑥𝑥 𝔼𝔼�̅�𝑥|𝑥𝑥𝜌𝜌𝐵𝐵�̅�𝑥

= 𝔼𝔼𝑥𝑥∼𝑝𝑝𝑋𝑋Tr 𝜌𝜌𝐵𝐵𝑥𝑥 ∧ (𝑀𝑀 − 1)𝜌𝜌𝐵𝐵

𝑥𝑥 ∈ 𝒞𝒞

Pairwise independence of 
random codebook

= Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵
□

use PGM:



𝜌𝜌𝐵𝐵
𝑥𝑥1

𝜌𝜌𝐵𝐵
𝑥𝑥2

𝜌𝜌𝐵𝐵
𝑥𝑥3

𝜌𝜌𝐵𝐵
𝑥𝑥4

𝜌𝜌𝐵𝐵
𝑥𝑥5

𝜌𝜌𝐵𝐵
𝑥𝑥6

𝜌𝜌𝐵𝐵
𝑥𝑥7

𝜌𝜌𝐵𝐵
𝑥𝑥8

𝜌𝜌𝐵𝐵
𝑥𝑥𝑀𝑀

Decide 𝑥𝑥1

One-vs-rest

Erroneous decision

Π𝐵𝐵
𝑥𝑥1 = 𝜌𝜌𝐵𝐵

𝑥𝑥1

𝜌𝜌𝐵𝐵
𝑥𝑥1+∑�𝑥𝑥≠𝑥𝑥1 𝜌𝜌𝐵𝐵

�𝑥𝑥

𝐼𝐼 − Π𝐵𝐵
𝑥𝑥1 =

∑�𝑥𝑥≠𝑥𝑥1 𝜌𝜌𝐵𝐵
�𝑥𝑥

𝜌𝜌𝐵𝐵
𝑥𝑥1+∑�𝑥𝑥≠𝑥𝑥1 𝜌𝜌𝐵𝐵

�𝑥𝑥



𝜌𝜌𝐵𝐵
𝑥𝑥1

𝜌𝜌𝐵𝐵
𝑥𝑥2

𝜌𝜌𝐵𝐵
𝑥𝑥3

𝜌𝜌𝐵𝐵
𝑥𝑥𝑀𝑀

One-vs-rest

⋮

(𝑀𝑀 − 1)

Tr 𝜌𝜌𝐵𝐵
𝑥𝑥1 ∧ ∑�̅�𝑥≠𝑥𝑥1 𝜌𝜌𝐵𝐵

�̅�𝑥

𝔼𝔼�̅�𝑥|𝑥𝑥1



𝜌𝜌𝐵𝐵
𝑥𝑥1

𝜌𝜌𝐵𝐵

𝜌𝜌𝐵𝐵

𝜌𝜌𝐵𝐵

One-vs-rest

⋮

(𝑀𝑀 − 1)

Tr 𝜌𝜌𝐵𝐵
𝑥𝑥1 ∧ (𝑀𝑀 − 1)𝜌𝜌𝐵𝐵

𝔼𝔼�̅�𝑥|𝑥𝑥1

𝔼𝔼𝑥𝑥1∼𝑝𝑝𝑋𝑋 𝔼𝔼𝑥𝑥1∼𝑝𝑝𝑋𝑋



𝜌𝜌𝑋𝑋𝐵𝐵

𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

One-vs-rest (𝑀𝑀 − 1)

Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

𝜀𝜀 is upper bounded by the error of discriminating 𝜌𝜌𝑋𝑋𝐵𝐵 and (𝑀𝑀 − 1) 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

⋮



Implications (1/2)

 Applying an upper bound: Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝐴𝐴1−𝑠𝑠 ∧ 𝐵𝐵𝑠𝑠 ,∀𝑠𝑠 ∈ [0,1]

𝜀𝜀 ≤ e−𝐸𝐸↓ log 𝑀𝑀

 𝐸𝐸↓ log𝑀𝑀 ≔ sup
𝛼𝛼∈ 1/2,1

1−𝛼𝛼
𝛼𝛼

𝐷𝐷2− ⁄1 𝛼𝛼 𝜌𝜌𝑋𝑋𝐵𝐵||𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 𝜌𝜌 − log𝑀𝑀

 → Moderate deviation regime : 𝑅𝑅 = 𝐼𝐼 𝑋𝑋:𝐵𝐵 − 𝑎𝑎𝑛𝑛, 𝜀𝜀 → 0

 Comparisons to existing one-shot exponential bounds:
 [Burnashev–Holevo’98]: 𝜀𝜀 ≤ 2e−𝐸𝐸↓ log 𝑀𝑀 for pure-state channels
 [Hayashi’07]: 𝜀𝜀 ≤ 4e−𝐸𝐸↓ log 𝑀𝑀 for general c-q channels  

[Cheng–Hsieh’18]
(𝑎𝑎𝑛𝑛 → 0,𝑛𝑛𝑎𝑎𝑛𝑛2 → ∞)



Implications (2/2)

𝑀𝑀 ≥ 𝐷𝐷h
𝜀𝜀−𝛿𝛿 𝜌𝜌𝑋𝑋𝐵𝐵||𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 − log 1

𝛿𝛿
∀0 < 𝛿𝛿 < 𝜀𝜀

 Infimum representation: Tr 𝐴𝐴 ∧ 𝐵𝐵 = inf
0≤𝑇𝑇≤𝐼𝐼

Tr 𝐴𝐴 𝐼𝐼 − 𝑇𝑇 + Tr 𝐵𝐵𝑇𝑇

 𝐷𝐷h
𝜀𝜀 𝜌𝜌||𝜎𝜎 ≔ sup

0≤𝑇𝑇≤𝐼𝐼
− log Tr 𝜎𝜎𝑇𝑇 : Tr 𝜌𝜌𝑇𝑇 ≥ 1 − 𝜀𝜀 The tightest one-shot 

capacity so far

 Comparisons to existing one-shot bounds:
 [Hayashi–Nagaoka’03], [Wang–Renner’12]: 𝑀𝑀 ≥ 𝐷𝐷h

𝜀𝜀−𝛿𝛿 ⋅ || ⋅ − log 4𝜀𝜀
𝛿𝛿2

 [Beigi–Gohari’14]: 𝑀𝑀 ≥ 𝐷𝐷s𝜀𝜀−𝛿𝛿 ⋅ || ⋅ − log 1−𝜀𝜀
𝛿𝛿
≥ 𝐷𝐷h

𝜀𝜀−2𝛿𝛿 ⋅ || ⋅ − log 1−𝜀𝜀
𝛿𝛿2

 → Moderate deviation regime : 𝜀𝜀 → 0,𝑅𝑅 = 𝐼𝐼 𝑋𝑋:𝐵𝐵 − 𝑎𝑎𝑛𝑛 [Chubb et al.’17]



Implications

𝜀𝜀 ≤ Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

𝜀𝜀 ≤ e−𝐸𝐸↓ log 𝑀𝑀

𝑀𝑀 ≥ 𝐷𝐷h
𝜀𝜀−𝛿𝛿 𝜌𝜌𝑋𝑋𝐵𝐵||𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 + log 𝛿𝛿

𝜀𝜀 ≤ e−𝑛𝑛𝐸𝐸↓ 𝑅𝑅 ,∀𝑛𝑛 ∈ ℕ

𝜀𝜀 ≤ e−
𝑛𝑛𝑎𝑎𝑛𝑛2

𝑉𝑉 𝑋𝑋:𝐵𝐵 1−𝑂𝑂(𝑎𝑎𝑛𝑛)

𝑀𝑀 ≥ 𝑛𝑛𝐼𝐼 𝑋𝑋:𝐵𝐵 + 𝑛𝑛𝑛𝑛 𝑋𝑋:𝐵𝐵 Φ−1 𝜀𝜀 − 1
2 log𝑛𝑛

𝑀𝑀 ≥ 𝑛𝑛𝐼𝐼 𝑋𝑋:𝐵𝐵 + 2𝑛𝑛 𝑋𝑋:𝐵𝐵 𝑎𝑎𝑛𝑛 − 𝑜𝑜 𝑎𝑎𝑛𝑛

I.I.D. Asymptotics

Large Deviation Regime

One Shot

Moderate Deviation Regime

Moderate Deviation Regime

Small Deviation Regime

The Tightest one-shot capacity so far 

(𝑅𝑅 = 𝐼𝐼 𝑋𝑋:𝐵𝐵 − 𝑎𝑎𝑛𝑛, for 𝑎𝑎𝑛𝑛 → 0, 𝑛𝑛𝑎𝑎𝑛𝑛2 → ∞)

(𝜀𝜀 = exp 𝑛𝑛𝑎𝑎𝑛𝑛2 , for 𝑎𝑎𝑛𝑛 → 0, 𝑛𝑛𝑎𝑎𝑛𝑛2 → ∞)



On Hypothesis-Testing Divergence
 A Conjecture:

 If so, then the best possible achievable third-order coding rate:

𝑀𝑀 ≥ 𝑛𝑛𝐼𝐼 𝑋𝑋:𝐵𝐵 + 𝑛𝑛𝑛𝑛 𝑋𝑋:𝐵𝐵 Φ−1 𝜀𝜀 − 𝑂𝑂(1)

Such a rate is already optimal for some classical channels!

𝐷𝐷h
𝜀𝜀 𝜌𝜌⊗𝑛𝑛||𝜎𝜎⊗𝑛𝑛 ≥ 𝑛𝑛𝐷𝐷 𝜌𝜌||𝜎𝜎 + 𝑛𝑛𝑛𝑛 𝑋𝑋:𝐵𝐵 Φ−1 𝜀𝜀 − 𝑂𝑂(1)+1

2 log𝑛𝑛

(for general channels)



A General Recipe for One-Shot QIT

Reduction to a one-shot 
quantum hypothesis testing (QHT) problem

Quantum Information-Theoretic Tasks

One-shot characterizations of QHT
and its asymptotic expansions Bottleneck!



With Entanglement Assistance



Proof of Entanglement Assistance (1/2)
 Preparation: 𝜃𝜃𝑅𝑅1𝐴𝐴1 ⊗⋯⊗ 𝜃𝜃𝑅𝑅𝑚𝑚𝐴𝐴𝑚𝑚 ⊗⋯⊗ 𝜃𝜃𝑅𝑅𝑀𝑀𝐴𝐴𝑀𝑀
 Encoding: for each 𝑚𝑚 ∈ [𝑀𝑀], send system 𝐴𝐴𝑚𝑚.
 The channel output states for each 𝑚𝑚 ∈ [𝑀𝑀] is:

𝐴𝐴1 …𝐴𝐴𝑀𝑀 with Alice
𝑅𝑅1 …𝑅𝑅𝑀𝑀 with Bob

𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 = 𝜃𝜃𝑅𝑅

(𝑚𝑚−1) ⊗𝒩𝒩𝐴𝐴→𝐵𝐵 𝜃𝜃𝑅𝑅𝑚𝑚𝐴𝐴𝑚𝑚 ⊗ 𝜃𝜃𝑅𝑅
𝑀𝑀−𝑚𝑚 , 𝑚𝑚 ∈ [1:𝑀𝑀]

Tr[𝑀𝑀]\{𝑚𝑚} 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 = 𝒩𝒩𝐴𝐴→𝐵𝐵 𝜃𝜃𝑅𝑅𝑚𝑚𝐴𝐴𝑚𝑚

 If tracing out 𝑅𝑅1⋯𝑅𝑅𝑀𝑀 but NOT 𝑅𝑅𝑚𝑚,

Tr[𝑀𝑀]\{𝑚𝑚} 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
�𝑚𝑚 = 𝜃𝜃𝑅𝑅𝑚𝑚 ⊗𝒩𝒩𝐴𝐴→𝐵𝐵 𝜃𝜃𝐴𝐴𝑚𝑚 , ∀ �𝑚𝑚 ≠ 𝑚𝑚

Position-based encoding 
[Anshu–Jain–Warsi’19] 



Proof of Entanglement Assistance (2/2)
Π𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 ≔

𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚

𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 + ∑ �𝑚𝑚≠𝑚𝑚 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵

�𝑚𝑚 , 𝑚𝑚 ∈ [1:𝑀𝑀] PGM: 

= Tr 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 ∑𝑚𝑚≠𝑚𝑚 𝜌𝜌

𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚

𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 +∑𝑚𝑚≠𝑚𝑚 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵

𝑚𝑚Tr 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 𝐼𝐼 − Π𝑅𝑅𝑀𝑀𝐵𝐵

𝑚𝑚 ≤ Tr 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵
𝑚𝑚 ∧ ∑ �𝑚𝑚≠𝑚𝑚 𝜌𝜌𝑅𝑅𝑀𝑀𝐵𝐵

�𝑚𝑚

1. For transmitting each 𝑚𝑚, relate its error to ‘∧’:

⇒ Tr 𝒩𝒩𝐴𝐴→𝐵𝐵 𝜃𝜃𝑅𝑅𝐴𝐴 ∧ 𝑀𝑀 − 1 𝜃𝜃𝑅𝑅 ⊗𝒩𝒩𝐴𝐴→𝐵𝐵 𝜃𝜃𝐴𝐴

□

2. Conditional 𝔼𝔼, tracing out 𝑅𝑅1⋯𝑅𝑅𝑀𝑀 but NOT 𝑅𝑅𝑚𝑚



One-Shot Quantum Packing Lemma

Theorem. Let 𝜌𝜌𝐴𝐴𝐵𝐵 and 𝜏𝜏𝐴𝐴 be density operators. Define, for 𝑚𝑚 ∈ [𝑀𝑀],

𝜔𝜔𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵
𝑚𝑚 ≔ 𝜏𝜏𝐴𝐴1 ⊗⋯⊗ 𝜌𝜌𝐴𝐴𝑚𝑚𝐵𝐵 ⊗⋯⊗ 𝜏𝜏𝐴𝐴𝑀𝑀.

Π𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵
𝑚𝑚 =

𝜔𝜔𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵
𝑚𝑚

∑ �𝑚𝑚≠𝑚𝑚𝜔𝜔𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵
�𝑚𝑚 ,𝑚𝑚 ∈ [𝑀𝑀]

Then, there exists a measurement:

Tr 𝜔𝜔𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵
𝑚𝑚 (𝐼𝐼 − Π𝐴𝐴1…𝐴𝐴𝑀𝑀𝐵𝐵

𝑚𝑚 ) ≤ Tr 𝜌𝜌𝐴𝐴𝐵𝐵 ∧ (𝑀𝑀 − 1)𝜏𝜏𝐴𝐴 ⊗ 𝜌𝜌𝐵𝐵 .

satisfying for each 𝑚𝑚 ∈ 𝑀𝑀 ,



Applications (1/2)



Applications (2/2)



A Strengthened Bound

Tr 𝐴𝐴
𝐵𝐵

𝐴𝐴 + 𝐵𝐵
≤

Tr 𝐴𝐴 ∨ 𝐵𝐵
Tr 𝐴𝐴 + 𝐵𝐵

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝐴𝐴 ∧ 𝐵𝐵
Tr 𝐴𝐴 ∨ 𝐵𝐵
Tr 𝐴𝐴 + 𝐵𝐵

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤

 𝐴𝐴 ∨ 𝐵𝐵 ≔ 1
2
𝐴𝐴 + 𝐵𝐵 + 𝐴𝐴 − 𝐵𝐵 ;𝐴𝐴 ∧ 𝐵𝐵 ≔ 1

2
𝐴𝐴 + 𝐵𝐵 − 𝐴𝐴 − 𝐵𝐵

 An idea of the data processing inequality [Sason–Verdu’18], [Renes’17]

𝜀𝜀 ≤ 1 −
1
𝑀𝑀

Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

 Does it provide a simple proof for the upper bound of strong 
converse exponent [Mosonyi–Ogawa’17]?



Conclusions

 A conceptually simpler and intuitive one-shot achievability 
proof via the pretty-good measurement

 Clean and tighter one-shot expressions
 Sharpening many existing results
 → Applications of converses for covering-type problems
 Bounding 𝑀𝑀: tighter achievable one-shot capacities
 Bounding 𝜀𝜀: not achieving the tightest error exponent yet

arXiv:2208.02132



A Strengthened Bound (1/2)

 [Wilde et al.’14], [Mosonyi–Ogawa’17]: 𝜀𝜀 ≥ 1 − ⁄e𝐼𝐼max 𝑋𝑋:𝐵𝐵 𝑀𝑀

Tr 𝐴𝐴
𝐵𝐵

𝐴𝐴 + 𝐵𝐵
≤

Tr 𝐴𝐴 ∨ 𝐵𝐵
Tr 𝐴𝐴 + 𝐵𝐵

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤ Tr 𝐴𝐴 ∧ 𝐵𝐵
Tr 𝐴𝐴 ∨ 𝐵𝐵
Tr 𝐴𝐴 + 𝐵𝐵

Tr 𝐴𝐴 ∧ 𝐵𝐵 ≤

 The bound should be not bad for log𝑀𝑀 < 𝐼𝐼 𝑋𝑋:𝐵𝐵 .
 For log𝑀𝑀 ≥ 𝐼𝐼max 𝑋𝑋:𝐵𝐵 , then 𝜀𝜀 ≤ Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 = 1. 

 A Trace inequality for noncommutative parallel sum:

 𝐴𝐴 ∨ 𝐵𝐵 ≔ 1
2
𝐴𝐴 + 𝐵𝐵 + 𝐴𝐴 − 𝐵𝐵 ;𝐴𝐴 ∧ 𝐵𝐵 ≔ 1

2
𝐴𝐴 + 𝐵𝐵 − 𝐴𝐴 − 𝐵𝐵

 An idea of the data processing inequality [Sason–Verdu’18], [Renes’17]



A Strengthened Bound (2/2)

𝜀𝜀 ≤ 1 −
1
𝑀𝑀

Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵 Tr 𝜌𝜌𝑋𝑋𝐵𝐵 ∧ 𝑀𝑀 − 1 𝜌𝜌𝑋𝑋 ⊗ 𝜌𝜌𝐵𝐵

 A tighter one-shot bound (tighter for large 𝑀𝑀):

 Does it provide a simple proof for the upper bound of strong 
converse exponent [Mosonyi–Ogawa’17]?

 For log𝑀𝑀 ≥ 𝐼𝐼max 𝑋𝑋:𝐵𝐵 , then 𝜀𝜀 ≤ 1 − ⁄1 𝑀𝑀. 
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