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Sandwiched Reényi relative entropy

Sandwiched Rényi ¢ quantum relative entropy

Relative Entropy
D(pllo):= Tr (plogp — plog o)

log Tr (012_aap012_aa)a

De(pllo) = —

A & max-relative entropy

Sandwiched Rényi Dax(pllo): =inf{t: p < 2* o}

Conditional Entropy

Ha(AlB)p :=—Dg(papllla & pp)
¢ purified distance

P(p,0) :== /1 - F*(p,0)

Muller-Lennert et al, IMP, 2013;
Wilde, Winter, Yang, CMP, 2014.



Sandwiched Reényi relative entropy

Operational interpretations of the sandwiched Rényi relative entropy:
Prior works: strong converse exponents
e Mosonyi, Ogawa, CMP 2015 (quantum hypothesis testing)
e Mosonyi, Ogawa, CMP 2017 (classical-quantum channels)

e Cheng, Hanson, Datta, Hsieh, IEEE Trans. Inf. Theory 2020 (data compression)



Exponential analysis for smoothing the max-relative entropy

Smoothed max-relative entropy: Renner, Ph. D thesis, 2005.

DE (pllo) - D (3llo) Datta, IEEE Trans. Inf. Theory, 20009.
' o) = n ).
max\f pES<(H):P(pp)<e 0 P

Its inverse function (smoothing quantity):

e(pllo,r) :=inf{e: Dy (pllo) <r} =inf{P(p,p) : p <2"c and p € S<(H)}

Significance of the smoothed max-relative entropy :

¢ A basic tool in one-shot information theory (information

spectrum relative entropy, hypothesis testing relative entropy,
smoothed max-relative entropy).

¢ Operational meaning: the e-approximate distinguishability cost
[Wang, Wilde, Physics Review Reasearch, 2019].



Exponential analysis for smoothing the max-relative entropy

Smoothed max-relative entropy: Renner, Ph. D thesis, 2005.

Dt (pllo) - Dy (5]l0) Datta, IEEE Trans. Inf. Theory, 2009.
; o) = 11 max (2]|0).

max pes<(iPop<e "

Its inverse function (smoothing quantity):
e(pllo,r) :=inf{e: Dy (pllo) <r} =inf{P(p,p) : p <2"c and p € S<(H)}
Asymptotic Equipartition Property (AEP):

when 7> D(pllo),

E(,O®n HO-®”'17 n’r) — () exponentially Tomamichel, Colbeck, Renner,
IEEE Trans. Inf. Theory, 2009.



Exponential analysis for smoothing the max-relative entropy

The derivation for the upper bound of €(pllo,7):

N 1,
Construct a subnormalized state p := QpQ, where @ :={&,(p) < m? o}

v(o) denotes the number of different eigenvalues of o

v(o)
Es(p) = Z IT; pII; ,where II; is the projection onto the eignsubspace
i=1

(by pinching inequality)
p < ()& (p)

p<v(0)QE(p)Q <20

N




Exponential analysis for smoothing the max-relative entropy

Let p=Trp(l — Q) and ¢ = Tro(1 — Q), then for any s > 0, we have

-

pllo. ) < VI < 2 (v (2

< \/2?) (0)5 2° (D1+s(p\|cr)—)\) (by data processing inequality)

/




Exponential analysis for smoothing the max-relative entropy

The derivation for the lower bound of €(p®"||c®", nr)

Let p, be any subnormalized state with p, < 2" c%", Q,, = {p®" > 9.2"c®"} and p,, = Tr p*"Q,,,

n — Tr ann

{ Qnp™"Qn 292" Q™" Qs

2 QQHPHQHJ }

!

Pn = g,

by the monotonicity of the fidelity under
measurements

(F(p®", pn) < F((Pas1 = pu)s (Gns Tr pp — )
i \,’pn\f‘Qﬂ, + V 1 _pn
Pn
<24+ /1 —pn,
L =3 TveTP

~




Exponential analysis for smoothing the max-relative entropy

a )
F(p®", pn) < F((Pn:1 = 1), (@0, Tr pr — @)

i:\/p_n\/q_n—i_ l_pn

Pn
< = 1—9p,
_ 31 g’ ),
/‘P(p@mapn) — \/1 o FZ(pc@njpn) \
Pn 2
> 11— (B2 T p,
—\/ (3+ p) - N
—\/—p—%—b—p—%wl—p ®n|| L On L pn
9 n 3 n - e(p®"|e®", nr) > \/pn 3”9
2@\/%+1§ N y,
1 p,




Exponential analysis for smoothing the max-relative entropy

4 )

For any s > 0, we have

Vo[ 5 = B < o™ 0" nr) < \/20(0=m)s2ne(Drsstolio)—n)

- Y,
—1
— log pn — sup{s(r — Diys(pllo))}
n $>0
Main result 1: Mosonyi, Ogawa, CMP 2015.

Theorem 1 For quantum states p, o and r € R, we have

—1 1
lim — log e(p®"||o®", nr) = = sup {s(r — Di1s(pllo)) }.

n—oo M 2 >0



Exponential analysis for quantum privacy amplification

Initial state
PABE = Z p(z)|z)z| ® |z)z| ® pf
reX
key X key x

key f(x) key f(x)
Final state

phop =Y XA @A ® (Y pla)ph)

ZEZ zef~1(z)

Devetak, Winter, P. Roy. Soc. A, 2005

The performance

1z
d(.@éga E R pE)

d is a distance measure

trace norm distance

g purified distance

Umegaki relative entropy

o
o
O



Exponential analysis for quantum privacy amplification

Security exponent of quantum privacy amplification: Devetak, Winter 2004;
Renner 2005
,0];; oo the state resulting from applying f,, to p%'} /

Definition 2 For a classical-quantum state pxg and a key rate 0 < R < H(X|E),, the security
exponent E(R) under distance d is defined as

1 1
E(R) := — lim —logmind(pf“ Zn ® P,

n—oo n, fn ZnEﬂﬂ ‘Zﬂ

where f, runs over all hash function from X*" :— Z, = {1,..., 2"},



Exponential analysis for quantum privacy amplification

upper bound of the security exponent:

For any hash function f: X — Z, we have A
Hglln(XlE)P > Hﬁlin(zlE)pf:
where HE i, (X|E)y = —Diax(pxelllx @ pB). )

I

4 )

For any hash function f:X = Zand A € R, we have

e(phplllz ® pp. ) > elpxellly ® pg, N).

N /




Exponential analysis for quantum privacy amplification

197
[ P(pl . Zl ® pp) > e(phplllz ® pp, —log|2|) > e(pxpllx ® pp, —log|Z|) }

I

: T ]]'Z'n.
[ Ii}mP(pé,,LEm Z @ pp") 2 e(pYEIILY" @ pi", —nR) J
L mn

Main result 2 l

Theorem 2 Let pxp be a classical-quantum state, 0 < R < H(X|E),. We have

: —1 - f Iz ® 1
— n n Yy < — _
nll}l_i]“;loo - logn}inP(PZnE”’| N ®pp") < 2%80Xt(ﬂl+t(X‘E)p R)




Exponential analysis for quantum privacy amplification

Our upper bound:

Theorem 2 Let pxg be a classical-quantum state, 0 < R < H(X|FE),. We have

—1 1z mn 1
RETOO — logmmP(,oZ BTz ® pp') < imfgit(H1_|_t(X‘E)p — R).

Hayashi’s lower bound [Hayashi, CMP 2015] (P(p,0) <+/(In2)D(p||0o) )

1 1, 1
lim — 1 Pl . - Hi(X|E .
Jm  —=logmin P(p7, g, = © pg") 2 5 max t(Hi44(X|E), — R)




Exponential analysis for quantum privacy amplification

Exponent
H(XIE),
R d(SHl—Fs(X‘E),O)}
critial s s—1
Hmin(XllE)p }Iecritical H(XllE)p R
1
Eu(R) := 5 max {t(H1+t(X|E)p — R)} (Our upper bound)
R
Ei(R) := = max {t(H1++(X|E), — R)} (Hayashi’s lower bound [Hayashi, CMP 2015] )

2 0<t<1



Exponential analysis for quantum privacy amplification

Main result 3:

security exponent under (sandwiched Rényi) relative entropies :

Theorem 3 Let pxg be a classical-quantum state, 0 < R < Hy4(X|E), and 0 < s < 1. We have

-1
HEIEDO ?logn}inDl+.s(pZ E“H ‘Zn‘ )0 ) < mgft(ﬂl+t( ‘E)Ff o R)’
—1

nggmglog%nﬂm(pimﬂﬁ®ﬂ ") > max t(Hia(X|E)y = R),



Summary and open questions

¢ We derive the best exponents for smoothing the max-relative entropy and for
guantum privacy amplification.

¢ We provide a new type of operational interpretation for the sandwiched Rényi
divergence, in characterizing how fast the performance of certain quantum task
approaches the perfect (see also Yongsheng’s talk tomorrow on [K. L., Y. Yao,
arxiv: 2111.06343, 2112.04475] ).

¢ The obtained exponent for smoothing the max-relative entropy has applications
in quantum information decoupling and quantum channel simulation [ see
Yongsheng’s talk tommorrow].

e (Question 1: security exponent for privacy amplification below the critical rate?

e (Question 2: best exponents for more quantum information tasks? (might
discover new gquantum Rényi relative entropies.)



Thank you !



