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Ingredients Coherence Superposition
{|k⟩ : k = 0, 1, . . . , d− 1} {|ci⟩ : i = 0, 1, . . . , d− 1}

Basis States reference basis; normalized and linear independent;
complete and orthonormal not necessarily orthogonal

ρ = ∑k pk|k⟩⟨k| ϱ = ∑i ρi|ci⟩⟨ci|
Free States (F )

pk ∈ [0, 1] such that ∑k pk = 1 ρi ≥ 0, probability distribution

Resource States (R) any state σ /∈ F any state ς /∈ F

Free Operations (O) incoherent operation (IO); superposition-free

MIO, DIO, IO, SIO, PIO
(

KnϱK†
n ∈ F for all ϱ ∈ F

)

|ψ⟩ =
d−1

∑
i=0

ψi|ci⟩ ;

[
ψi ∈ C, Gij = ⟨ci|cj⟩ ∈ C, ⟨ψ|ψ⟩ =

d−1

∑
i,j=0

ψ∗i Gijψj = 1

]

⋄ T.Baumgratz et al. PRL, 113, 140401 (2014) ⋄ T.Theurer et al. PRL, 119, 230401 (2017)
Beyond IID in Information Theory 10 — Shenzhen, China, September 26-30 (2022) ⊣⊢ TUBITAK Research Institute for Fundamental Sciences, Gökhan Torun — gtorung@gmail.com



«2/14»

Ingredients Coherence Superposition
{|k⟩ : k = 0, 1, . . . , d− 1} {|ci⟩ : i = 0, 1, . . . , d− 1}

Basis States reference basis; normalized and linear independent;
complete and orthonormal not necessarily orthogonal

ρ = ∑k pk|k⟩⟨k| ϱ = ∑i ρi|ci⟩⟨ci|
Free States (F )

pk ∈ [0, 1] such that ∑k pk = 1 ρi ≥ 0, probability distribution

Resource States (R) any state σ /∈ F any state ς /∈ F

Free Operations (O) incoherent operation (IO); superposition-free

MIO, DIO, IO, SIO, PIO
(

KnϱK†
n ∈ F for all ϱ ∈ F

)

|ψ⟩ =
d−1

∑
i=0

ψi|ci⟩ ;

[
ψi ∈ C, Gij = ⟨ci|cj⟩ ∈ C, ⟨ψ|ψ⟩ =

d−1

∑
i,j=0

ψ∗i Gijψj = 1

]

⋄ T.Baumgratz et al. PRL, 113, 140401 (2014) ⋄ T.Theurer et al. PRL, 119, 230401 (2017)
Beyond IID in Information Theory 10 — Shenzhen, China, September 26-30 (2022) ⊣⊢ TUBITAK Research Institute for Fundamental Sciences, Gökhan Torun — gtorung@gmail.com



«3/14»

Superposition State Transformations

The Problem #1
|ψ⟩ =

d

∑
i=1

ψi|ci⟩
O−→ |φ⟩ =

d

∑
i=1

φi|ci⟩ ?

Coherence transformation:
d

∑
k=1

ψk|k⟩
O−→

d

∑
k=1

ϕk|k⟩

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Majorization:
r

∑
k=1
|ψk|2 ≤

r

∑
k=1
|ϕk|2 for any r ∈ [1, d]

• Kn =
√

pn ∑d
k=1(

φfn(k)
ψk

)|fn(k)⟩⟨k| ; ∑d
n=1 K†

n Kn = 1

• ∑d
n=1 pn φfn(k) = ψk (k = 1, 2, . . . , d)

⋄ S.Du et al. PRA 91, 052120 (2015) ⋄ G.Torun et al. PRA 97, 052331 (2018)

Setting the approach:

Kn =
d

∑
k=1

ck,n
|cfn(k)⟩⟨c

⊥
k |

⟨c⊥k |ck⟩
;
[

ck,n =
√

pn(
φfn(k)

ψk
), ⟨c⊥i |cj⟩ = ζiδij ∈ C

]

The superposition-free operator Kn gives |φ⟩ with the probability pn:

Kn|ψ⟩ =
√

pn

d

∑
k=1

φfn(k)|cfn(k)⟩ =
√

pn|φ⟩
(

pn ≥ 0 & ∑
n

pn = 1
)

.

completeness:
d

∑
n=1

K†
n Kn +

2d

∑
m=d+1

F†
mFm = 1

(
Fm|ψ⟩ = 0,

d

∑
n=1

K†
n Kn ≤ 1

)
.

The quest for:
□ Index functions {fn(k)}d

k=1

□ Probabilities {pn}
□ Superposition-free Kraus

operators {Kn}
■ Conditions for (deterministic)

superposition-free
transformations
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Majorization

CoC

|𝜓〉 |𝜑〉

(Condition on Completeness)

Majorization:
r

∑
i=1

ψ̃i ≤
r

∑
i=1

φ̃i for any r ∈ [1, d]

z̃i :=
d

∑
j=1

z∗i zj⟨ci|cj⟩, i = 1, 2, . . . , d (z ≡ ψ, φ)

CoC:
d

∑
i=1

piωij ≤ ψ2
j for j = 2, 3, . . . , d

ωi1
...

ωid

 = Pi

φ1
...

φd

 and
d

∑
n=1

pn φ̃fn(k) = ψ̃k (k = 1, 2, . . . , d)

⋄ G.Torun et al. PRA, 103, 032416 (2021).
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Majorization

CoC

|𝜓〉 |𝜑〉

(Condition on Completeness)

|ψ⟩ O−→ |φ⟩ with ⟨c1|c2⟩ = 1/2 Maj. CoC

1√
13

(
3|c1⟩+ |c2⟩

) O−→ 1√
13

(
4|c1⟩ − |c2⟩

)
1√
21

(
4|c1⟩+ |c2⟩

) O−→ 1√
7

(
3|c1⟩ − |c2⟩

)
1√
7

(
3|c1⟩ − |c2⟩

) O−→ 1√
13

(
4|c1⟩ − |c2⟩

)

{
K1 =

√
7p1
13

(
4α1

3 |c1⟩⟨c⊥1 |+ α2|c2⟩⟨c⊥2 |
)

; K2 = −
√

7p2
13

(
α1
3 |c2⟩⟨c⊥1 |+ 4α2|c1⟩⟨c⊥2 |

)}
p1 =

209
210

, p2 =
1

210

{
F3 = −

√
11
26

(
α1
3 |c1⟩⟨c⊥1 |+ α2|c1⟩⟨c⊥2 |

)
; F4 = 0

}
2

∑
i=1

K†
i Ki + F†

3 F3 = 1
2

∑
i=1

K†
i Ki ≤ 1

(
αi ≡ 1/⟨c⊥i |ci⟩

)
.
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Majorization:
r

∑
i=1

ψ̃i ≤
r

∑
i=1
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d

∑
j=1
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CoC:
d

∑
i=1

piωij ≤ ψ2
j for j = 2, 3, . . . , d


ωi1
ωi2

...
ωid

 = Pi


φ1
φ2

...
φd

 and
d

∑
n=1

pn φ̃fn(k) = ψ̃k (k = 1, . . . , d)

}
Orthonormal limit: ⟨ci|cj⟩ = 0, {|ci⟩} → {|j⟩}d

j=1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Majorization:
r

∑
j=1
|ψj|2 ≤

r

∑
j=1
|φj|2 for any r ∈ [1, d]

•
{

Kn =
√

pn ∑d
k=1(

φfn(k)
ψk

)|fn(k)⟩⟨k|, Fm = 0
}

• ∑d
n=1 K†

n Kn = 1 ; ∑d
n=1 pn φfn(k) = ψk (k = 1, . . . , d)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Permutations {Pi} ... Consider d = 3 ... Already |ψ1|2 ≤ |φ1|2 and
|ψ3|2 ≥ |φ3|2 ... However, it is either |ψ2|2 ≤ |φ2|2 or |ψ2|2 ≥ |φ2|2.

⋄ If ψ2 ≤ φ2: {Pi} = {1, |1⟩ ↔ |3⟩, |2⟩ ↔ |3⟩}.
⋄ If ψ2 ≥ φ2: {Pi} = {1, |1⟩ ↔ |3⟩, |1⟩ ↔ |2⟩}.

⋄ PRA 97, 052331 (2018)
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Golden States — States with Maximal Superposition

The Problem #2
Coherence : |Φd⟩ =

1√
d

d

∑
i=1
|i⟩ ; Superposition : ?

Let G be a Gram matrix that represents the inner product settings
of superposition constructed by a set of linearly independent basis
states {|ci⟩}d

i=1, that is, Gij = ⟨ci|cj⟩. Then a maximal state ψ⃗
is necessarily an eigenvector of G corresponding to the minimum
eigenvalue λmin and the components of ψ⃗ must satisfy ψ̃i = 1/d for
all i = 1, 2, . . . , d — Proposition 1.(

ψ̃i := ∑d
j=1 ψ∗i ψjGij for |ψ⟩ = ∑d

i=1 ψi|ci⟩
)

Corollary. The form of the (candidate)
maximal state dictated by Proposition 1
is as follows

ψ⃗ =

√
1

dλmin

(
eiθ1 , . . . , eiθd

)⊺
.

|ψ⟩ =

√
1

dλmin

d

∑
j=1

eiθj |cj⟩

⋄ H.T.Şenyaşa and G.Torun, PRA 105, 042410 (2022).
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Rayleigh quotient — also known as the Rayleigh-Ritz ratio — can be used
to determine the upper and lower bounds of a quadratic equation under elliptic
constraint. Let v⃗ and u⃗ be eigenvectors of a Gram matrix G corresponding to the
minimum eigenvalue λmin and maximum eigenvalue λmax, respectively. Let x⃗ be
an arbitrary vector under elliptic constraint represented by x⃗†G⃗x = 1. Then, for
these three vectors {⃗v, u⃗, x⃗} the Rayleigh quotient guarantees

R(G, v⃗) = λmin ≤ R(G, x⃗) ≤ R(G, u⃗) = λmax, where
[

R(G, x⃗) =
x⃗†G⃗x
x⃗†⃗x

]

Given an initial state ψ⃗ = (eiθ1 ψ1, . . . , eiθd ψd)
⊺ and a final state ϕ⃗ = (eiγ1 ϕ1, . . . , eiγd ϕd)

⊺, where θj, γj ∈
[0, 2π) and ψj, ϕj ∈ R≥0, we have K̃nψ⃗ =

√
pnϕ⃗, where the probabilities are chosen to be pn = 1/d! for

n = 1, 2, . . . , d!.
d

∑
i=1

ψ2
i ≥

d

∑
i=1

φ2
i

For a maximal state, the left-hand side has to take the maximum value so that it always holds for an arbitrary
final state. By invoking the Rayleigh quotient, we conclude that a maximal state is necessarily an eigenvector
of the Gram matrix corresponding to the minimum eigenvalue.
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Proposition 2. Let G be a Gram matrix that represents the
inner product settings of superposition constructed by a set
of linearly independent basis states {|c1⟩, |c2⟩}. Then the
eigenvector ψ⃗ corresponding to the minimum eigenvalue
λmin is a maximal state.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Consider the case ⟨c1|c2⟩ = s ∈ (−1, 1). The Gram matrix has two eigenvalues
λ1 = 1 − s and λ2 = 1 + s, where the corresponding eigenvectors are x⃗1 =

(1,−1)⊺ and x⃗2 = (1, 1)⊺. Two different situations occur: λmin = 1− s when
s ∈ [0, 1) and λmin = 1 + s when s ∈ (−1, 0].

|Ψ−2 ⟩ =
1√

2(1− s)

(
|c1⟩ − |c2⟩

)
with s ∈ [0, 1)

(
ψ̃1 = ψ̃2 =

1
2

)

|Ψ+
2 ⟩ =

1√
2(1 + s)

(
|c1⟩+ |c2⟩

)
with s ∈ (−1, 0]

-1.0 -0.5 0.0 0.5 1.0
0

2

4

6

8

The dashed orange line, l1(ρ|Ψ−2 ⟩
) = 1/(1− s); and the

dashed blue line, l1(ρ|Ψ+
2 ⟩
) = 1/(1 + s).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Setting ψ1 ≡ x ̸= 0 and ψ0 ≡ ηx [for qubit systems
we always have ψ0/ψ1 = η ∈ R\{0}], we then have
|ψ⟩ = x(η|c0⟩+ |c1⟩). The solid green line, l1(ρ|ψ⟩) for
η = 3/2; the solid red line, l1(ρ|ψ⟩) for η = 2; and the
solid purple line, l1(ρ|ψ⟩) for η = −9/5.

Beyond IID in Information Theory 10 — Shenzhen, China, September 26-30 (2022) ⊣⊢ TUBITAK Research Institute for Fundamental Sciences, Gökhan Torun — gtorung@gmail.com



«9/14»

Proposition 2. Let G be a Gram matrix that represents the
inner product settings of superposition constructed by a set
of linearly independent basis states {|c1⟩, |c2⟩}. Then the
eigenvector ψ⃗ corresponding to the minimum eigenvalue
λmin is a maximal state.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Consider the case ⟨c1|c2⟩ = s ∈ (−1, 1). The Gram matrix has two eigenvalues
λ1 = 1 − s and λ2 = 1 + s, where the corresponding eigenvectors are x⃗1 =

(1,−1)⊺ and x⃗2 = (1, 1)⊺. Two different situations occur: λmin = 1− s when
s ∈ [0, 1) and λmin = 1 + s when s ∈ (−1, 0].

|Ψ−2 ⟩ =
1√

2(1− s)

(
|c1⟩ − |c2⟩

)
with s ∈ [0, 1)

(
ψ̃1 = ψ̃2 =

1
2

)

|Ψ+
2 ⟩ =

1√
2(1 + s)

(
|c1⟩+ |c2⟩

)
with s ∈ (−1, 0]

-1.0 -0.5 0.0 0.5 1.0
0

2

4

6

8

The dashed orange line, l1(ρ|Ψ−2 ⟩
) = 1/(1− s); and the

dashed blue line, l1(ρ|Ψ+
2 ⟩
) = 1/(1 + s).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Setting ψ1 ≡ x ̸= 0 and ψ0 ≡ ηx [for qubit systems
we always have ψ0/ψ1 = η ∈ R\{0}], we then have
|ψ⟩ = x(η|c0⟩+ |c1⟩). The solid green line, l1(ρ|ψ⟩) for
η = 3/2; the solid red line, l1(ρ|ψ⟩) for η = 2; and the
solid purple line, l1(ρ|ψ⟩) for η = −9/5.

Beyond IID in Information Theory 10 — Shenzhen, China, September 26-30 (2022) ⊣⊢ TUBITAK Research Institute for Fundamental Sciences, Gökhan Torun — gtorung@gmail.com



«10/14»

Inner product settings:
{s12, s13, s23}

{
λmin, x⃗

}
Range of s

{s, s, s}
{

1 + 2s, (1, 1, 1)⊺
}

s ∈ (− 1
2 , 0]

{−s, s, s}
{

1− 2s, (1, 1,−1)⊺
}

s ∈ [0, 1
2 )

{s,−s, s}
{

1− 2s, (1,−1, 1)⊺
}

s ∈ [0, 1
2 )

{s, s,−s}
{

1− 2s, (−1, 1, 1)⊺
}

s ∈ [0, 1
2 )

{s,−s,−s}
{

1 + 2s, (1, 1,−1)⊺
}

s ∈ (− 1
2 , 0]

{−s, s,−s}
{

1 + 2s, (1,−1, 1)⊺
}

s ∈ (− 1
2 , 0]

{−s,−s, s}
{

1 + 2s, (−1, 1, 1)⊺
}

s ∈ (− 1
2 , 0]

{−s,−s,−s}
{

1− 2s, (1, 1, 1)⊺
}

s ∈ [0, 1
2 )

{s, is,−is}
{

1− 2s, (−i, i, 1)⊺
}

s ∈ [0, 1
2 )

Consider ⟨c1|c2⟩ = −s and ⟨c1|c3⟩ = ⟨c2|c3⟩ = s ...
Then, det(G) = 1− 3s2 − 2s3 > 0 implying s ∈ (−1, 1

2 ) ...

λ1 = λ2 = 1 + s, λ3 = 1− 2s ;

x⃗1 = (1, 0,−1)⊺, x⃗2 = (1,−1, 0)⊺, x⃗3 = (1, 1,−1)⊺.

|Ψ−3 ⟩ =
1√

3(1− 2s)

(
|c1⟩+ |c2⟩− |c3⟩

)
, s ∈ [0,

1
2
).

Proposition 3. The state

|Ψ+
d ⟩ :=

1√
d (1 + (d− 1)s)

d

∑
j=1
|cj⟩, s ∈ (

1
1− d

, 0],

is a maximal state for an equal and real inner product
setting, that is, ⟨ci|cj⟩ = s, s ∈ R, for i ̸= j.
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G.Torun, arXiv:2209.03746

□ {|ci⟩ : i = 0, 1, . . . , d− 1}
□ Gram matrix S with the elements Sij = ⟨ci|cj⟩
□ {|li⟩ : i = 0, 1, . . . , d− 1}— Löwdin basis

□ C := (c0, c1, . . . , cd−1)
⊺, L := (l0, l1, . . . , ld−1)

⊺

□ A general linear transformation T such that

L = TC,
(

TT† = S−1
)

□ Which can be rewritten as

(
L
)

i =
d−1

∑
j=0

(
S−1/2)

ij

(
C
)

j |li⟩ =
d−1

∑
j=0

(S−1/2)ij|cj⟩

[
Sdiag = U†SU ; S1/2 = US1/2

diagU† ; S−1/2 = (S1/2)
−1]

“Löwdin symmetric orthogonalization”
⋄ P.Löwdin, J. Chem. Phys. 18, 365 (1950).

⋄ J.G.Aiken, J.A.Erdos, and J.A.Goldstein, Int. J. Quantum Chem. 18, 1101 (1980).

superposition state ⇄ coherent state

■ Sij = ⟨ci|cj⟩ = s ∈ (−1, 1)

■ Eigenvalues of S are found to be
λ0 = · · · = λd−2 = 1− s and λd−1 = 1 + (d− 1)s

■ Setting

µ :=
1
d

[
1√

1 + (d− 1)s
+

d− 1√
1− s

]

and

κ :=
1
d

[
1√

1 + (d− 1)s
− 1√

1− s

]

■ We get |li⟩ = µ|ci⟩+ κ ∑d−1
j=0
(j ̸=i)

|cj⟩
(
i = 0, . . . , d− 1

)
The symmetric orthogonalization ensures

∑i ∥ci − li∥2 = min.
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superposition state ⇄ coherent state

|ψ⟩ =
d−1

∑
i=0

ψi|ci⟩
LSO→−→ |ψ̄⟩ =

d−1

∑
i=0

gi(ψ, S)|li⟩

|ψ̄⟩ =
d−1

∑
i=0

gi(ψ, S)|li⟩
LSO←−→ |ψ⟩ =

d−1

∑
i=0

ψi|ci⟩

gi(ψ, S) =
√

λd−1λ0

[(
µ + [d− 2]κ

)
ψi − κ

d−1

∑
j=0
(j ̸=i)

ψj

]

(
ψi ≡ µgi(ψ, S) + κ

d−1

∑
j=0
(j ̸=i)

gj(ψ, S)
(
i = 0, 1, . . . , d− 1

))

maximally coherent state ⇆ state with maximal superposition

1√
2
(|l0⟩+ |l1⟩)

LSO←−→ |Ψ+
2 ⟩ =

|c0⟩+ |c1⟩√
2(1 + s)

; s ∈ (−1, 0]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1√
2
(|l0⟩ − |l1⟩)

LSO←−→ |Ψ−2 ⟩ =
|c0⟩ − |c1⟩√

2(1− s)
; s ∈ [0, 1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

|Φd⟩ =
1√
d

d−1

∑
i=0
|li⟩

LSO←−→ |Ψ+
d ⟩ =

|c0⟩+ · · ·+ |cd−1⟩√
d(1 + [d− 1]s)

Ψ Φ

LSO↦

LSO↤
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To conclude ...
■ The basics of the resource theory of superposition✓
■ An explicit framework for the (deterministic) transformation of superposition states✓
■ States with maximal superposition, i.e., golden states for superposition✓
■ Results related with Löwdin symmetric orthogonalization promise the possibility of more✓

□ Mixed state transformations?
□ Superposition distillation?
□ Catalytic superposition transformations?
□ Effective role of Löwdin symmetric orthogonalization?
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Thanks for your time!
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